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In this paper, we introduce a novel geometric framework to analyze the uniformity
properties of composite materials by means of material double groupoids. This struc-
ture allows for the systematic study of the interaction between different constitutive
responses within a composite body. Building upon the classical notion of uniformity in
simple materials (characterized by the transitivity of the material groupoid), we extend
this concept by introducing a rich taxonomy of uniformity conditions, derived from the
various types of transitivity and “filling conditions” inherent in double groupoids. These
include horizontal, vertical, weak and strong uniformities, each corresponding to phys-
ically meaningful compatibility properties between the constituents. Our approach not
only generalizes existing theories but also provides a flexible tool to model and compare
different configurations of composites, with potential applications to the theory of meta-
materials and structured continua. Several examples, including crystalline solids with
minimal symmetry, illustrate the scope and depth of the proposed framework.
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1. Introduction

In continuum physics, the theory of material uniformity addresses the question of
comparing the properties of pairs of points in a material substrate, assumed to
be continuous. Uniformity is declared when the result of this investigation is that,
according to a priori established criteria, those properties are identical for every
pair (see [16, |18, [19] and [4, |6] for a modern description using the language of
differential geometry).

Even if the substrate turns out to be uniform, however, the question can be
raised as to whether there exists a configuration in which all points are simultane-
ously in the same state. A positive answer to this question gives rise to the notion
of homogeneity. Lack of homogeneity of a uniform body can be related to various
physical theories of continuous distributions of dislocations and other defects, as
well as to the presence of residual stresses. Although the study of the homogeneity
of composite materials is of great relevance, it will not be addressed in this paper
since we need to first understand in depth the concept of uniformity.

Indeed, there is a possibility of the coexistence of different kinds of properties
in the same material substrate, for instance, in the case of material composites in
which the constituents, although blended together, retain their individual original
structure. Each of these components may be perfectly uniform in its own right, but
the result will not be so in general.

In this paper, we will focus on the study of the uniformity of composite materials,
postponing the study of homogeneity to a later work, as we have mentioned above.
In the case of uniformity we face a practically unexplored terrain, for which we
adopt as methodology and instruments the concept of groupoid and in particular,
the double groupoid (see [14] for a general reference of the theory of groupoids).
This methodology has been very useful in previous works (see [4} 10} [13]).

As a first approach, presented in |7], we will consider the scenario of a composite
material, a solid mixture, or a material characterized by multiple independent con-
stitutive structures. A straightforward approach to address such cases is to identify
the symmetries shared by the individual components and determine what can be
regarded as the intersection of their respective material groupoids. In other words,
if we have a composite material made of two different materials with mechanical
responses W7 and Ws, namely

W1:W1(X,F)7 W2:W2(XaF)a

identically for all deformation gradients F', we obtain two material subgroupoids of
the 1-jet groupoid of B, 1(B) and Qa(B), respectively. So, it is natural to think
that the composite is uniform if

Ql(B)(Xv Y) N QQ(B)(Xv Y) 7& @

for any two points X,Y € B. Here, Q(X,Y) denotes the set of arrows from X
to Y for an arbitrary groupoid §2. However, in any case, even if B is uniform for
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Fig. 1. Artistic rendition of the building block of a double groupoid |8§].

the two material structures simultaneously, we cannot guarantee that it is uniform
as a composite.

Also, we can consider the intersection, Q4 (B) N Q2 (B), which is a subgroupoid
of ITY(B, B), and we can investigate under what conditions Q;(B) N Qs (B) is a Lie
subgroupoid assuming that both €4 (B) and 2(B) are Lie subgroupoids. Note that
this assertion is true for two Lie subgroups of a given Lie group, but it is not true
in general in the context of Lie groupoids.

In a series of papers [7, 8, [12], a first approach was suggested for the study
of composite materials using the notion of double groupoids,® an idea that seems
very natural, as a unified superstructure that combines both material structures.
The fundamental notion of a double groupoid can be interpreted as the structured
interaction of two pairs of material isomorphisms, which combine to form a coherent
mathematical entity, as vaguely suggested in Fig. [T}

Since the aim of this paper is to study the uniformity properties of a composite
material, and since in simple materials that notion is linked to the transitivity of the
associated material groupoid, it is clear that the methodology to be used relies on
the different notions of transitivity of a double Lie groupoid. Indeed, the abstract
structure of double groupoid allows us to introduce several notions of transitivity:
horizontal and vertical transitivity, strong and weak transitivity. All these notions
are interpreted as different kinds of uniformity on the composite material.

Although this work may at certain points appear rather abstract, the underlying
constructions admit a natural interpretation within the framework of Continuum
Mechanics. For readers interested in a more concrete and applied perspective, we
refer to [9, 12], where related ideas are developed in a more explicit and physically
motivated setting.

The paper is structured as follows. To be as self-contained as possible, we will
recall the elementary notions of simple materials and their uniformity in Sec.
Section [3lis devoted to introduce the notion of groupoid and double groupoid as well
as their main properties. Although working with double groupoids is complicated
due to the number of arrows at play, the use of commutative squares has allowed

2Double categories and double groupoids were introduced in 1963 by Ehresmann [5].
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us to express many of the concepts in a visual and intuitive way. The different
notions of transitivity in a double groupoid introduced in this last section are trans-
lated to the study of the uniformity of composite materials in Sec. [d] Several exam-
ples are also discussed. Finally, Sec. [5] is devoted to present the main conclusions
and to point out several issues that we are investigating.

2. Simple Materials

Definition 1. A material body is given by an oriented manifold B of dimension 3
which may be embedded in R3. Points of B are called material points or material
particles and will be denoted by capital letters (X,Y, Z € B).

Any open subset U of the manifold B is called a sub-body. A configuration is an
embedding ¢ : B — R3. An infinitesimal configuration at a particle X is given by
the 1-jet j i( " X)qﬁ where ¢ is a configuration of B. To study in detail the formalism
of 1-jets see |17]. A configuration, called reference configuration, ¢o will be fixed.
The open set By = ¢¢ (B) will be called reference state. The local coordinates in
the reference configuration will be denoted by X' and any other coordinates will
be denoted by .

A deformation of the body B is defined as the change of configurations k =
p10¢, U or, equivalently a diffeomorphism from the reference state By to any other
open subset By = ¢1 (B) of R3. Analogously, an infinitesimal deformation at ¢o (X)
is given by a 1-jet jdlyo(X),qS(X)ﬁ where k is a deformation.

Broadly speaking, the configuration is a way of manifesting the body into the
“real world” . The points on the Euclidean space R? will be called spatial points and
will be denoted by lower case letters (x,y, z € R3).

Following the theory developed by Noll [15], the internal properties of the body
are characterized for the so-called constitutive equations. For elastic simple bodies,
we will assume that the constitutive law depends on a material point only through
the infinitesimal deformation at that point.

Definition 2. The mechanical response of an (elastic) simple material B, in a fixed
reference configuration ¢q, is formalized as a differentiable map W from the set
B x G1(3,R), where Gl (3,R) is the general linear group of 3 x 3-regular matrices,
to a fixed (finite dimensional) vector space V.

In general, V will be the space of stress tensors. More particularly, the contact
forces at a particle X (in a fixed configuration ¢) are determined by a symmetric
second-order tensor

Tx,:R® — R
on R? called the stress tensor. Then, the mechanical response is given as follows:
W (X,F)="Txg,
where F is the 1-jet jéO(X)@(X) (pody') at ¢o (X) of pogy’.
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We should now introduce the rule of change of reference configuration. In
particular, consider another configuration ¢; and the associated mechanical
response Wi. Then, we will impose that

Wi (X, F) = W (X, F - Con) (1)

for all regular matrix F', where Cp; is the associated matrix to the 1-jet at ¢g (X)
of ¢10¢y L. This fact is equivalent to the identity:

W (X, Fo) = Wi (X, Fy) (2)

for any configuration ¢, where F;, ¢ = 0,1, is the associated matrix to the 1-jet at
61 (X) of po 7" [i.

There are several equivalent ways of presenting the mechanical response. On the
one hand, we may define W on the space of (local) configurations in such a way
that for each configuration ¢ we have that

W (jx..0) = W (X, F),

where F is the associated matrix to the 1-jet at ¢o(X) of ¢ o ¢5'. So, Eq. (2)
implies that this map does not depend on the chosen reference configuration.

On the other hand, consider II* (B, B) the manifold of the 1-jets of (local) dif-
feomorphisms from B to B ([14]). Then, W may be described as a differentiable
map W : II' (B,B) — V from II* (B,B) to the vector space V by the following
identity:

W (jx,yk) = W (X, F), 3)

where F is the associated matrix to the 1-jet at ¢g (X) of ¢g o ¢ o ¢y '. If there is
no danger of confusion, we will use in this paper these three ways of describing the
mechanical response, indistinctly.

Observe that, restricting the mechanical response, any sub-body inherits the
structure of elastic simple body from the body B. A fundamental notion in
the theory of Noll is the concept of material isomorphism, which permits to com-
pare the material properties of two different points.

Definition 3. Let B be a body. Two material particles X and Y are materially
isomorphic if and only if there exists a local diffeomorphism ¢ from an open subset
U C B of X to an open subset V C B of Y such that ¢ (X) =Y and

W Gy vyt - x,y®) = Wiy o(vy®) (4)
for all jxl,ﬁ(y)lﬁ? € IT' (B, B). Under these conditions, j}(,yw will be called a material
isomorphism from X to Y. A material isomorphism from X to itself is called a
material symmetry. In cases, where it causes no confusion, we often refer to the
associated matrix P as the material isomorphism (or symmetry).

Remark 1. We should note that the elements of II! (B, B) may be interpreted as
linear isomorphisms Lx y : TxB — Ty B between the tangent spaces of the body
B at two different particles X and Y.
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So, from a physical point of view, two points are materially isomorphic if their
intrinsic properties are the same, i.e. they are part of the same material. In fact,
we have that,

Proposition 1 ([4]). Let B be a body. Two body points X and Y are materially
isomorphic if and only if there exist two (local) configurations ¢1 and ¢o such that

W (X,F)=W5(Y,F), VF,
where W; is the mechanical response associated to ¢; fori=1,2.

In the next sections, we will interpret these concepts using a natural instrument,
the material groupoid. We will see how uniformity is intimately linked to the concept
of transitivity of the groupoid.

3. The Structure of a Double Groupoid

In order to make the text as self-contained as possible, we will first introduce the
general concept of groupoids, since double groupoids are, in some sense, special
cases of groupoids although of greater internal complexity (see [14] for a standard
reference).

Let M be a set. A groupoid over M is a set I' with maps a, 8 : T' — M (source

map and target map respectively), € : M — T’ (identities), i : I' — T (inversion
k)

map) and - : Loy — T' (composition law) where T'xy = {(g1,...,9x) € I'x k)
x| a(g;) = B(gi+1), i =1,...,k — 1}, satisfying the following properties:
(1) a and 3 are surjective and for each (g, h) € T'(9),
a(g-h)=a(h), B(g-h)=p(9).
(2) Associative law with the composition law, i.e.
g-(h-k)=1(g-h)-k, V(g,hk)ecTlgs.
(3) Forall g €T,
g-ela(g) =g=¢(B(9) -9

Therefore, aoceoa =a, foeo = 7.
(4) For each g € T,

i(9)-g=-elalg), g-ilg)=e(B(9))
Then, aoi= 0, foi=a.
Since o and 3 are surjective, we have that
aoe=1Idy, Boe=Idy,

where the map Idj; is the identity map at M.
The maps involved in the above definition are called structure maps. The usual
notation for a groupoid is I' = M.
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g
hy 9 X Y,
Z X
T () )
hg g1
(a) Composition (b) Inverse and units

Fig. 2. Groupoid operations.

M is denoted by TI'(g) and it is identified with the set e (M) of identities of I".
' is also denoted by T'(;). The elements of M are called objects and the elements
of T are called morpishms. Furthermore, for each g € T' the element i (g) is called
inverse of g and it is denoted by g~'.

Let ' = M be a groupoid. The map («,8) : ' = M x M is called the anchor
map. The space of sections of the anchor map is denoted by T'(4 g (I').

Roughly speaking, a groupoid may be thought of as a set of “arrows” (g,h € T")
joining points (X,Y,Z € M) next to a composition law with similar rules to the
composition of maps, see Fig. 2}

Let I' = M be a groupoid with a and 8 the source map and target map,
respectively. For each X € M, the set

X =" (X)na™" (X)
is called the isotropy group of I' at X. The set
OX)=p(a (X)) =a (87 (X))

is called the orbit of X, or the orbit of I' through X. The orbit space of T' is the
space of orbits of I' on M. Note that the orbit of a point X consists of the points
that are “connected” with X by a morphism in the groupoid while the isotropy
group is given by the morphisms connecting X with X. Thus, the isotropy groups
inherit a bona fide group structure.

Definition 4 (Transitivity). Let ' = M be a groupoid. If O (X) = M for all
X € M, or equivalently (a, ) : I' = M x M is a surjective map, the groupoid
I' = M is called transitive.

Roughly speaking, transitivity may be interpreted as the existence of an “arrow”
connecting any two points in M. In other words, there are no isolated sets of points.
The property of transitivity will play a central role throughout this paper,
as it constitutes a fundamental aspect of its application to the constitutive
theory of materials. The mathematical framework developed here relies heavily
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on the nuanced interplay between transitivity and the structural properties of the
materials, making it a key component in the analysis and formulation of material
behavior ([4]).

Definition 5 (Total intransitivity). Let I' = M be a groupoid. If O (X) = {X},
or equivalently 371 (X) = a1 (X) = I'¥, then X is called a fired point. When
every X € M is a fixed point, the groupoid I' = M is called totally intransitive.

Furthermore, a subset N of M is called invariant if it is a union of orbits.
Finally, the sets,

a ' (X)=Tx, B (X)=T%
are called a-fiber at X and B-fiber at X, respectively.

Example 1 (Groups). A group is a groupoid over a point. Indeed, let G be a
group and e the identity element of G. Then, G = {e} is a groupoid, where the
operation law of the groupoid, - is the operation in G.

Example 2 (Pair groupoid). For any set A, we shall consider the product space
A x A. Then, the maps,

Source and target maps: « (a,b) = a, 8(a,b) =b,V (a,b) € A x A,
Composition law: (¢, b) - (a,c) = (a,b), V (¢,b), (a,c) € A x A,
Section of identities: € (a) = (a,a), Va € A,

Inversion map: (a, b)f1 = (b,a), V (a,b) € A x A,

endow A x A with a structure of groupoid over A, called the pair groupoid.

Example 3 (Frame groupoid and 1-jets groupoid). Let us consider a vector
bundle A on a manifold M. For each Z € M, denote by Az the fiber of A over
Z. Then, ® (A) is the set of linear isomorphisms Lxy : Ax — Ay, for X, Y ¢ M
and it may be endowed with the structure of groupoid with the following structure
maps:

(1) Oz(LX,y) = )(7
(i) B(Lxy) =Y,
(111) LY,Z . GX,Y = LyyZ ] nyy, LyﬁZ : Ay — Az, GX,Y : AX — Ay.

This groupoid is called the frame groupoid on A. A particular relevant case arises
when we choose A equal to the tangent bundle T'M of M. In this latter case, the
groupoid will be called 1-jets groupoid on M and denoted by II' (M, M). Note that
any isomorphism Lxy : Tx M — Ty M may be written as a 1-jet j}ayz/) of a local
diffeomorphism 1 from M to M such that ¢ (X) =Y. Recall that the 1-jet j}(ﬁyw
may by represented by that induced tangent map T'xv : Tx M — Ty M.

Definition 6. If 'y = M; and 'y = M, are two groupoids then a morphism of
groupoids from I'y = M; to I's = My consists of two maps ® : I'y — I's and
¢ : My — M, satisfying the commutative relations of the following diagrams:
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Fl #) FQ F1 % FQ
a1 Qg B1 B2
M, — M,y M, — M,

where

Q2 (91,h1) = (® (1), P (h1))

for all (g1,h1) € (Fl)(2)~ Equivalently, for any g; € I'y,
s (®(g1)) = d(a1(g1)), B2(P(g1)) =9 (B1(g1)), (5)

where «; and f; are the source and the target maps of I'; = M, respectively, for
1 = 1,2, and preserves the composition, i.e.

Q(g1-h1)=P(g1) ®(h1), V(g1,h1) € (a).

Taking into account Eq. , ¢ is characterized by ®. Therefore, we will denote
this morphism as @, if there is no danger of confusion.

Definition 7 (Subgroupoid). Let I' = M be a groupoid. Then, a subgroupoid
is another groupoid I' = M such that I C I', M C M, and the inclusion maps
iz : T < I and i37 : M < M induce a morphism of groupoids.

In other words, a subgroupoid of a given groupoid I is a groupoid contained in
I’ with the “same” structure maps (the restriction of the structure maps of I' to
the correspondent sets of T').

The definition of a double groupoid is somewhat more intricate. A double
groupoid consists of a set Q endowed with two groupoid structures:

e Horizontal structure: @ = H,
e Vertical structure: Q =V,

in such a way that each of the base spaces is itself a groupoid over a common base B:

e Horizontal side groupoids: H = B,
o Vertical side groupoids: V = B,
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subject to a compatibility condition between the horizontal and vertical structures,
which ensures that the horizontal and vertical groupoid structure maps are mor-
phisms with respect to each other. The precise meaning of this compatibility con-
dition will be clarified later.

We will use a common notation for a double groupoid as the following diagram
shows:

Q=V

uou (6)
"= B

Given that the definition involves four distinct groupoids, it is essential to establish a
clear notation for the elements, maps and operations associated with each. Different
authors approach this task in various ways, adopting notations that best suit their
specific applications. The notations used here represent a combination of those
found in |1} 2} |5].

The elements of B will be denoted by capital letters (X,Y,...). The arrows,
units and projections of the horizontal groupoid H = B will follow the standard
notation for groupoids introduced earlier. For the vertical groupoid V = B, the
same notation will be employed, with the addition of a hat (circumflex accent) to
distinguish it.

Products in H = B and V = B will be indicated by simple juxtaposition, as no
confusion arises in this context. For example, gh for arrows in H, while gfz is used
for arrows in V. The source and target projections and units will similarly be dis-
tinguished by the presence or absence of a hat to avoid any ambiguity. Specifically,
a(g) denotes the source of g € H, whereas &(j) denotes the source of § € V.

The elements of Q will be denoted by double-strike letters (G, H, ... ) and will be
graphically represented as squares, analogous to how the elements of H and V are
represented as arrows. Each square consists of two horizontal parallel sides belong-
ing to H (source and target maps of the horizontal structure, respectively) and
two vertical sides belonging to V (source and target maps of the vertical structure,
respectively). Furthermore, there are two distinct products defined for squares, cor-
responding to the two groupoid structures @ = V and Q@ =3 H, which are denoted
by I and H, respectively.

h = Bu(G)
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The projections and units in each of the two groupoid structures of Q are being
denoted with a superimposed tilde and a subscript g or y, corresponding to the hor-
izontal and vertical structures, respectively. Note that the codomain of the source
and target maps of the horizontal structure is V, while the codomain of the vertical
structure is H.

Let us now clarify the mentioned compatibility condition. On the one hand, the
source and target maps of the horizontal structure are morphisms of groupoids and
therefore, as a first consequence:

® aody =d&oay, Bodgy = drofy,

o aofy=Pfoay, Boofy=PBopy.

These identities determine the coherence of the “corners” and the prescribed direc-
tions of the “arrows” in the diagram @ On the other hand, by using that the
product of the horizontal structure is also a morphism of groupoids we have that,
for each G, G’ € Q, with py (G') = ay (G),

o ay (GIG') = an (G) ax (G),

o B (GIG') = By (G) Bn (G).

Graphically, these identities are represented as follows:

h n hh'

GOG' = h i =h q' (8)

/ /

g g 99
The analogous statements in the vertical structure are:

e ay (GBG) = ay (G) av (G),
e By (GBG') = By (G) By (G').

Graphically,

>
>
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The unit square of the horizontal and vertical structures, respectively, looks as
follows:

«(5(9)) ;

(alg))  (10)

M
<
—
)
~
I
Na )y
<
)
T
—~
)
~
Il
M>
~~
™
—
)
S~—
SN
M>

e(@(3)) g

for each g € H and g € V. The arrows representing the identities in the squares of
a double groupoid will be drawn as two parallel straight lines.
Finally, the inverse maps are also groupoid morphisms and hence, we have that

h g
i (G)
h g ht gt
(11)
g h
h Bt
iy (G)
h g g h
(12)
g g_l

Finally, the compatibility condition between the two structures imposes that
(GIH)H(ADB) = (GHA)D(HEB), (13)

whenever the operations are possible. This condition implies that, in a square
formed by four smaller squares with matching edges in contact, the result is the
same whether one first composes horizontally and then vertically, or vice versa. In
other words, the large square depicted below is well-defined.

G H

(14)
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In this way, one may observe how the representation of the elements of Q as
“oriented squares” is well aligned with the intuition behind the defining properties
of a double groupoid.

One might quickly note that, in this case, defining a transitivity condition is not
straightforward. The central difficulty lies in the non-existence of a uniquely defined
anchor map. In general, we may define some kind of “filling conditions”, which,
in some sense, describes the process of completing a square from a given partially
defined one. As a first example, in [2], author studies a filling condition described by
the surjectivity of the so-called double source map (G, ay) : @ = V X5, H, where
V Xga M ={G,9) €VxH : a(g) =a(g)} In other words, we are completing
squares from two given arrows, one vertical and one horizontal :

— (15)

Example 4 (Coarse double groupoid). A useful example of a double groupoid
is the coarse double groupoid, J(H, V), generated by two groupoids, H and V, with
a common base set B. This double groupoid consists of all the ((consistent squares))
that can be formed using the two groupoids as sides. In other words, the elements
of O(H, V) are given by the quadruples ((g,h), (g, h)), where g,h € H and §,h € V
such that

g (9) =ay (9), an(h) =By (),

B (9) = av(h), By (h) = By(h).
Then, the vertical product is given by

((9.h), (3, W)D (g, 1), (9" 8)) = (99, W) , (3, ),
which may be graphically represented as in Eq. . The horizontal product B is

defined in an analogous way.

Note that any double groupoid Q, with horizontal and vertical structures given
by H and V), respectively, can naturally be mapped inclusively into the coarse double
groupoid generated by ‘H and V by the map:

(G, Bags Gy, By): @ — O(H, V),
Gr— ((dH (G> 757—[ (G)>7 (dV (G> 7512 (G)>)

Definition 8 (Core groupoid). The core K of a double groupoid Q consists of
the collection of all squares G such that

ay (G) =€(X), ay(G)=é(X).

The core may be endowed with a canonical groupoid structure by regarding its
arrows as pairs of arrows G = (g, §) with common source X and target point Y. So,
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we may define dx (G) = X and B (G) =Y, as the source and the target map of
IC, respectively.
Thus, the composition is given by

((e(X),h) s (€(X),h)) e ((€(2) 1), (€(Z) 1))
= ((e(2),h1'),(€(2) , hR")).

In other words, for any two composable elements K;, Ky € K we have that
Ki -k Ko = (KiDéy (Bu (Kz)))BK.

In many cases, the core groupoid serves to characterize the double groupoid [2],
although the physical identity of the original side groupoids is not retained when
transitioning to the core.

Example 5 (Commutative squares). Let Q be a double groupoid characterized
by the following diagram:

Q=V

wu
H=B

in such a way that V and H are subgroupoids of a given groupoid T'.
We will define the commutative squares of Q as the elements G € () in such a
way that

By (G) - an (G) = B (G) - av (G). (16)

Roughly speaking, the sides of the square commutes by the composition of the
groupoid I'. Note that condition may be equivalently defined starting from any
corner of the squares, which shows the consistency of the definition. More precisely,
all these equalities are equivalent:

Apart from the coherence of the definition of commutative squares, this result
immediately implies that if G is a commutative square, the inverse G™1 is also a
commutative square.

On the other hand, recall that the identities éy(§) and €x(g), with g € V
and g € H, have two opposite sides equal and the other two sides equal to the
respective identities (see (10)). Thus, it is easy to show that both, €y () and éx(g),
are commutative squares.
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Let us now consider two commutative squares G, H € Q such that ay (G) =
B3 (H). Then,

ay (GEH) = ay (H),

B (GBH) = Bu (G),

ay (GBH) = ay (G) - ay (H),

By (GBH) = By (G) - By (H)

Thus,
By (GEH) - éy (GBH) = By (G) - By (H) - iy, (H)

= By (G) - By (H) - Gy (H)
= By (G) - a3 (G) - & (H)
= B3 (G) - ay (G) - ay (H)

= B (GBH) - &y (GBH),

i.e. GHH is, again, a commutative square. Analogously, we prove that for any
two commutative squares G/, H' € Q such that éy (G') = By (H'), it satisfies
that GOH is a commutative square. Therefore, let us denote by [1Q the set of
commutative squares of Q. Then, the set [1Q is a double groupoid characterized by
the following diagram:

HQ =V

uw i (17)
H =B

which will be called the groupoid of commutative squares.

4. Material Double Groupoid

Let us consider a simple material B. Then, we may consider II* (B,B) = B the
groupoid of 1-jets of local diffeomorphisms over the body manifold B. In other
words, the morphisms of the groupoids will be given by 1-jets j}QYgZ) € I1' (B, B),
with ¢ a local diffeomorphism from B to B such that ¢ (X) =Y (see Example [3)).

For any two material particles X,Y € B, the collection of all material isomor-
phisms from X to Y will be denoted by 2 (B)§ Note that the composition and
inverse of material isomorphisms are material isomorphisms and therefore, the set

Q(B) = Ux.yes (B)x (18)
is a subgroupoid of II! (B, B). This groupoid will be called the material groupoid of
B (see [4]).

The material symmetry group 2 (B)§ at a body point X € B is simply the
isotropy group of Q(B) at X. For any X € B, the set of material isomorphisms
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from X to any other point (respectively, from any point to X) will be denoted by
Q(B)y (respectively, (B)™). Finally, the structure maps of € (8) will be denoted
by «, B, € and i, because they are just the restrictions of the corresponding ones
on I (B, B).

Proposition 2. Let B be a body. B is uniform if and only if Q (B) is a transitive
subgroupoid of TI* (B, B).

Thus, uniformity is characterized by the transitivity of the material groupoid.
In other words, uniformity is characterized by the surjectivity of the anchor map
(a, 8) : Q(B) — B x B, where a and § are the source and the target maps,
respectively.

Consider now two uniform materials given by their transitive material groupoids
Oy (B) and Qg (B) over the body manifold B. A double groupoid may encode
compatibility of two independent composition laws (e.g. horizontal /vertical trans-
port, or composition of transformations along different directions). Thus, we may
define the coarse double groupoid generated by ; (B) and Q9 (B) (see example
Example [4)) denoted by O (Q (B), Q2 (B)), i.e. the double groupoid which consists
of all the “squares”, that can be formed using the arrows of Q; (B) and Q9 (B) as
sides.

Formally, the elements of (9 (B), Qs (B)) are denoted by ((g1,h1) , (g2, h2))
such that,

a(g)=alg), alh)=705(92), Bg)=alh), B(h)=7FE(h). (19)

Recall that the source and the target maps of Q; (B), Qs (B) are denoted by the
same symbols, because they are both subgroupoids of the same groupoid II! (B, B).
Although the expressions of the elements of O (2 (B), Q2 (B)) is clear, to enhance
the graphical intuition of the elements of the double material groupoid it is still
useful to depict them as squares of arrows as follows:

hi

hQ g2 (20)

g1

where the vertical will be red, representing the material isomorphisms of the second
material (Q2 (B)), meantime the horizontal will be black, representing the material
isomorphisms of the first material (Q; (B)).

A composite material is modelized as a permanent combination of two or
more (possibly) distinct materials. Although each component remains identifiable
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within the mixture, the composite itself behaves as a single body B. In particular,
the deformation and its gradient are identical for all components.

For the sake of simplicity, we will deal with the case of a binary composite,
i.e. a composite material given by the combination of two elastic materials, 2 (B)
and Qs (B), each of which, when considered independently, constitutes a uniform
body. Consequently, the associated material groupoids, are transitive subgroupoids
or IT* (B, B) (Proposition [2)).

Following [7], and assuming that the bonding of the materials does not involve
any chemical reactions, it is reasonable to posit that the mechanical response of the
composite results from a weighted combination of the responses of its constituent
materials. Consequently, the material groupoid of the composite is given by the
intersection €4 (B)N Qg (B) of the material groupoids of the individual components.
In more intuitive terms, the material groupoid of the composite consists of all arrows
that are common to the material groupoids of its components, which is, again, a
new groupoid.

Regarding the remaining common arrows, several scenarios are possible. At one
extreme, it may be the case that, apart from the isotropy groups, no common arrows
exist. In this situation, despite the transitivity of the component groupoids 4 (5)
and Qs (B), the material groupoid of the composite is completely intransitive.

At the other extreme, if there exists at least one common arrow between every
pair of points and in this case, the material groupoid of the composite is transitive.
From a physical perspective, the transitive case corresponds to a scenario in which
the two components have been consistently blended in the same manner at all points
of the body. Thus, we have the following natural definition.

Definition 9 (Uniformity of a composite). A binary composite given by the
materials Q; (B) and Q5 (B) is uniform if the intersection of the material groupoids
is a transitive groupoid.

Note that, when the composite is uniform, for any two material particles X and
Y, there exists an arrow (1-jet of a material isomorphism from X to Y') which is a
material isomorphism for both materials. In terms of the material double groupoids,
from two given identities at the same point X, one vertical and one horizontal, we
may complete the square, i.e.

hi
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which is commutative (ha € (a (h2)) = hy-€(a(hy))). So, we will only be interested
in double groupoid of commutative squares (Example [5]), in this case denoted by
H(Q (B), Q2 (B)). Therefore, an element ((g1,h1), (g2, h2)) € O(21 (B),Q(B))
is in (24 (B), Q2 (B)) if and only if

ha - g1 =hi-ga. (21)
Roughly speaking, both “paths” from « (g1) = a (g2) to S (he) = B (h1) coincide.

Definition 10 (Composite groupoid). Let be two uniform materials given by
their transitive material groupoids ; (B), Qs (B) over the body manifold B. The
material groupoid of the composite will be given by the double groupoid
H(Q1 (B), Qs (B)) of commuting squares.

It is important to highlight that the material groupoid of the composite encap-
sulates the elastic properties of both materials, and those of the composite, in a
singular algebraic structure. In this case, we will denote the structural maps of hor-
izontal structure (respectively, vertical structure) by @, Bi, ... (respectively, aa,

Bay i)

Proposition 3. Let [1( (B),Q2(B)) the material groupoid of the compos-
ite. Then, the composite is uniform if and only if the map (8 o 32,&2,&1)
E(Ql (B),QQ (B)) — B x Q9 (B) X &, 0 (B), where (B) X &, 04 (B) =
{(g,9) € Q2 (B) x U (B) :a(g) = a(9)}, satisfies that

Bxe(B) xe(B) C(Bofa,az, ) (E( (B), 0 (B))). (22)

Thus, the condition of being uniform is not exactly given by the surjectivity of
the map (8o Bg, Qs, a1, but a weaker condition Eq. .

Recall that, for the case of one simple material, uniformity is characterized
by the transitivity of the material groupoid (Proposition . In the case of the
material groupoid of the composite, we have a structure of double groupoid and as
a consequence, we have available more than one possible notion of “transitivity”.

In this paper, we will use this degree of freedom to study the uniformity of the
composite, as well as, to present new notions of compatibility between the elastic
properties of the materials, relating them with the mentioned uniformity of the
composite.

Horizontal and vertical transitivity

Two of the most common “transitivity properties” in the theory of double groupoids
are the so-called horizontal and vertical transitivity.

Definition 11 (Horizontal property). Let be two uniform materials given by
their transitive material groupoids €4 (B) and Qs (B) over the body manifold B.
We will say that the material groupoid of the composite [ (Q; (B), Qs (B)) is hor-
izontally transitive if the map (dg, a1, B2) : [(Q1 (B), 0 (B) = Q2 (B) Xa.a
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Q1 (B) x,0 Q2 (B) is surjective, where Qg (B) Xq,q 1 (B) X4 Q2 (B) is given by
the triples (go, g1,ha) € Qo (B) x Q1 (B) x Qs (B) such that a(g1) = a(g2) and
B(g1) = a(hs).

Definition 12 (Vertical transitivity). Let be two uniform materials given by
their transitive material groupoids ©; (B) and Q5 (B) over the body manifold B. We
will say that the material groupoid of the composite [1 (21 (B) , Q2 (B)) is vertically
transitive if the map (@1, a9, 81) : 0(Q1 (B),Q (B)) = Q1 (B) Xa.a Q2 (B) Xg.0
Q; (B) is surjective, where Q1 (B) X oo Q2 (B) X, 1 (B) is given by the triples
(91,92, h1) € Q1 (B) xQ (B) xQq (B) such that « (g2) = @ (g1) and 8 (g2) = a (hq).

Pictorially, the horizontal transitivity (respectively, vertical transitive) is equiv-
alent to the imposition of the existence of a box with any given three sides. If the
missing side is horizontal (vertical) the transitivity is horizontal (vertical) (see pic-
ture below).

hy
A A
ho g2 Hor. transit.  hso g2
—
g1 g1
hi h1
< A fy A
92 Ver. transit. ho g2
=
g1 g9

Note that, the condition of horizontal transitivity may be equivalently expressed
as follows: for any triple (g2, g1, he) € Q2 (B) Xa,o Q1 (B) Xg,o Q2 (B), it satisfies that

ha-g1-g5" € (B). (23)
So, we may easily prove the following result.

Proposition 4. Let be two uniform materials given by their transitive material
groupoids Q1 (B) and Qs (B) over the body manifold B. Then, the material groupoid
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of the composite is horizontally transitive if and only if
hQ . Ql (B)§ g2 = Ql (B);/(l/
for all ga,ha € Qo (B) such that a(ge) = X', B(g2) = X, a(hs) = Y and
B(hy) =Y.
Analogously, the material groupoid of the composite is vertically transitive if and
only if
h1 . Qz (B)?;( g1 = QQ (B)il/
for all g1,h1 € Qq (B) such that a(g1) = X', B(g1) = X, a(hy) =Y and
B(hy) =Y".

In particular, if the composite material is horizontally transitive (respectively,
vertically transitive), all the groups of material symmetries of € (B) (respectively,
Qs (B)) are conjugated by material isomorphism of the other material, i.e.

g2 - (B)§ g5t =M (B)? (respectively, g1 - (B)§§ g = (B)iﬁ:)
(24)

for all go € Qo (B) such that a(g2) = X and (8 (g2) = X' (respectively, g1 € Q1 (B)
such that a(g;) = X and 8 (g1) = X').

Proposition 5. Consider two uniform materials given by their transitive material
groupoids Q1 (B) and Qz (B) over the body B. [1(y (B),Q2 (B)) is horizontally
transitive if and only if the composite is uniform with Qg (B)§ < (B)§ , for all
material particle X € B.

Proof. Assume that [ (Q; (B), Q2 (B)) is horizontally transitive. Let X be a body
point, and € (X) its associated identity. Then, for any g» € Q2 (B) y,
g2=g2-€(X)-€(X)"" € 0 (B),

i.e. g2 is a material isomorphism for both structures of materials. In particular,
) (B)f( < (B)§ Conversely, assume that the material composite is uniform
and for each material point X € B, Qs (B)))g <M (B)fc Then, for any two body
particles X, Y € B, there exists a material isomorphism g € (B)§ N (B)§ and
taking into account that Qg (B)§ < (B)ﬁ, we have that

0 (B)y =92 (B)x <g- % (B)x =% (B)x.
Thus, we have proved that

Q2 (B) € 1 (B),
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Then, for any triple (g2, g1, h2) € Q2 (B) Xqa,a Q1 (B) Xg,a Q2 (B), we obtain

hg-gl-gglte(B). O

Therefore, horizontal transitivity corresponds to a particular case of uniformity
of the composite; the material symmetries of the material groupoid 25 (B) are also
material symmetries for the other material. We may prove an analogous result for
vertical transitivity.

Proposition 6. Consider two uniform materials given by their transitive mate-
rial groupoids Q1 (B) and Qs (B) over the body B. [ (1 (B), Qs (B)) is vertically
transitive if and only if the composite is uniform with £ (B)§ < Qs (B)§ , for all
material particle X € B.

Corollary 1. [O(9Q4 (B),Q (B)) is vertically transitive and horizontally transitive
if and only if the composite is uniform and Qy (B) = Qa (B)

So, horizontal and vertical transitivity are strictly stronger properties than uni-
formity of the material composite.

Remark 2. We could intuitively think of these concepts as a uniformity domi-
nated by one of the two materials. For example, in the case of some applications
(e.g. metamaterials) one is interested in the dominant character of one of the two
materials rather than the character of the other.

One may consider other, apparently, weaker transitivity properties. Let us con-
sider two uniform materials €y (B) and Q9 (B) over the body manifold B. We will
say that the material groupoid of the composite [ (4 (B), Q2 (B)) is weakly hor-
izontally transitive if the map (&, 52) : 0 (Q (B), Qs (B)) = Qa (B) x Qs (B) is
surjective. So, the graphical intuition of this condition is as follows:

hy

ho g2 Weak hor. tran.  hg g2
—

g1

On the other hand, we will say that the material groupoid of the compos-
ite (1 (B),Qs (B)) is weakly vertically transitive if the map (&1,01)
E(Q(B),Q(B)) — Q1 (B) x Q (B) is surjective. Graphically:
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hy hy

A

Weak ver. tran. ha g2
=

A

g1 g1

Proposition 7. Consider two uniform materials given by their transitive mate-
rial groupoids Qq (B) and Qo (B) over the body B. [3(Q4 (B) , Q2 (B)) is horizontally
(respectively, vertically) transitive if and only if (2 (B), Q2 (B)) is weakly hori-
zontally (respectively, weakly vertically) transitive.

Proof. We shall focus on the equivalence of the horizontal properties, as the ver-
tical ones are analogous. The weak horizontal transitivity may be equivalently
expressed as follows: for any go, ho € Q9 (B), there are two arrows gi,h1 € Q4 (B),
satisfying

a(ge) =al(g), Blg)=al), alh)=05(gqn), B(h)=75M),

in such a way that ho-g1 = hi-g2. In other terms, for any go, ha € Qs (B), there exists
g1 € 0 (B), with a (g2) = a(g1) and a (ha) = 3 (g1), such that hy-g1-g5 * € @ (B).
Taking g2 equal to the identity, we have that for any hy € Q9 (B), there exists
g1 € Q1 (B), with a(h2) = B (g1), such that hy - g1 € Q1 (B), i.e. ho € Q4 (B) and
therefore,

Qo (B) € Q1 (B). (25)

Note that, Eq. implies, obviously, that for any go,ha € Qs (B), there exists
g1 € 0 (B), with a (g2) = a(g1) and a (ha) = 3 (g1), such that ho-g1-g5 * € Q1 (B).
In other words, Eq. is equivalent to weak horizontal transitivity. Finally, using
Proposition [6] we have proved the result. O

Thus, we have proved that two distinct transitivity conditions on the double
material groupoid give rise to the same type of uniformity.

Strong uniformaity

As we have mentioned in Sec. [3] it is quite usual to impose the double groupoid to
satisfy a filling condition in such a way that the double source map (&1,as9) is a
surjective map. There could be some reasons to impose this property; in particular,
it is usually useful to guarantee that the domain of multiplication and division maps
have the structure of differentiable manifold.

Now, we will try to give a physical interpretation of these geometric properties.
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Definition 13 (Strong uniformity). Let be two uniform materials with material
groupoids Q (B) and Qs (B) over the body B. We will say that the material
groupoid of the composite [ (2 (B),Qs (B)) is strongly uniform if the map
(B o Br,a1,62): B (Q(B),2(B) = B xras U (B) X0, 0 (B) is surjec-
tive, where B X145 Q1 (B) X(a,8),a S22 (B) is given by the triples (X, g1,92) €
B x Q1 (B) x Q9 (B) such that X = 8(g1) = a(g1) = a(g2)-

Equivalently, for any two arrows, a symmetry g; in Q; (B) and a material iso-
morphism go in £ (B), we have a “commuting square” with these arrows as sides,

X X hy
° A ® <
A
[p) Strong unif. ho g2
—
< ° ° < °
X g1 X X g1 X

Roughly speaking, the composite is strongly uniform if for any two materi-
als particles X and Y, and two material isomorphisms j}g x1 € Q1 (B) and
j}(,yqﬁg € Q9 (B), there exists another two material isomorphisms j§7xw1 € Q1 (B)
and j}(7XI/J2 € Qs (B) in such a way that

1 1 1 ,
Jx.x®2 0 jx xP1 = Jy.x 10 jx.y b2

In other terms, any two points may be connected composing a material symmetry
of the first material (€21 (B)) at X with a material isomorphism of the second
material (Qg (B)) from X to Y, or equivalently, composing a material symmetry of
the second material (23 (B)) at X with a material isomorphism of the first material
(€1 (B)) from X to Y. In other words, it satisfies a certain type of “commuting”
condition between the two material structures.

Proposition 8. Let be two uniform materials with material groupoids 1 (B) and
Qs (B) over the body B. If 1 (Qy (B),Qs (B)) satisfies the strong uniformity, the
material composite is uniform.

Proof. Let be X and Y two body points, € (X) the identity at X and g € Q9 (B)§
Then, for the strong uniformity, there exist hy € Q9 (B)§ and hy; € (B)if, such
that,

ho =hy - €(X) = hy - g2,
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hy

g2 ho g2

€(X) €(X)

Hence, hy = hy - g5 € Qy (B) is a material isomorphism from Y to X for both
materials. Therefore, the composite is uniform. O

In this manner, we prove that the transitivity property constitutes a stricter
condition than the uniformity of the composite. Specifically, we not only impose the
requirement that the composite possesses common material isomorphisms — ensur-
ing its uniformity — but also demand the existence of a certain form of compati-
bility between the two material structures. This compatibility can be characterized
by a specific type of commutativity between the material isomorphisms associated
with both mechanical responses.

Example 6 (Crystalline solids). Let us present an example of a uniform mate-
rial that does not satisfy the conditions of a strongly uniform material. Let B be
a solid, and o: B — R3 an undistorted reference configuration. Then, for any
body point X € B, and each material symmetry ji y¢, the associated matrix to
ji)o (X) 0 ()P0 © dopy ! is an orthogonal matrix. A particular case is that of the
so-called crystalline solids, which are classified into thirty-two classes. Each class
is characterized by a specific type of symmetry group, such that these symmetry
groups are finite subgroups of the orthogonal group [3, [L1].

Thus, we will consider two uniform crystalline solids, whose material groupoids
are given by 1 (B) and Qs (B). In particular, the material groupoid €, (B) satisfies
that for each material particle X € 3, there exist only three material symmetries at
X, e(X),9x, g)_(l, so that gx is not trivial. In other words, the material symmetries
at X are characterized by ¢gx. Furthermore, for any two body points X and Y, let
us highlight a material isomorphism gxy from X to Y (in case X =Y, we fix
gx,y = €(X)). Then, all the material isomorphisms from X to Y are of the form
9xv, 9xv - 9x and gxy - gx -

Assume now that the second uniform crystalline solid, whose material groupoid
is Q9 (B), fulfils the same property, i.e. for any material point X € B, there exist
only three material symmetries at X, € (X), hx, h;(l, so that hx is not trivial and
different to gx. In addition, for any two body points X and Y, gx, y is a material
isomorphism from X to Y. Then, all the material isomorphisms from X to Y are
of the form gxy, gx,v - hx and gx vy - h;(l.
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Then, for any X and Y, both groupoids share a material isomorphism, and
as a consequence, the material composite is uniform. Let us consider the arrows
gx € Q1 (B) and gxy - h € Qo (B). We then ask whether the following square can
be completed:

X
d A
gx,y - hx
@ <€ [ )
X 9x X

In other terms, are there G € Q; (B) and H € Q5 (B) such that
H'G=gxy hx gx'?

By considering all possible cases, this occurs only if one of the following equalities
holds:

) gxv -hx' =gxy -hx-gx'

) gxv - 9x -hx =gxy -hx -9y

) gxv -9x -hx =gxvy - hx-gx'
(iv) gxv -hx = gxy -hx - g%,

) gxv - 9x -hx =gxy - hx g5

) gxv - gx - hx =gxy -hx - g%

Note that (i) is equivalent to h3 = g%, which is absurd by construction of both
groupoids. Analogously, (iv) is equivalent to g, = € (X) which is, again, absurd.
On the other hand, the rest of the equalities may be equivalently rewritten as

follows:

(i) 9x - hy' - gx = hx,
(ii) gx' - hx - gx = hx,
(iii) QX hx gx = hx,
(v) 9x -hx -gx =hx.

In other words, the material symmetries must satisfy one of the following four
conjugacy conditions between them. Therefore, we only have to formulate a partic-
ular example in which the symmetries does not satisfy these identities.

Observe that this provides a clear example to intuitively grasp the distinction
between uniformity and strong uniformity. In the latter case, the material isomor-
phisms of both material structures must satisfy an additional compatibility condi-
tion between them, translated into these four conjugacy equalities.
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Weak uniformity

Let us now consider another property of “completing squares”, which (in this case)
will be less restrictive than uniformity of the composite.

Definition 14 (Weak uniformity). Let be two uniform materials given by their
transitive material groupoids €4 (B) and Q9 (B) over the body manifold B. We
will say that the material groupoid of the composite [J(Q (B), Q2 (B)) is weakly
uniform if the map (aody, fof, aods, fofa) : (2 (B), Qs (B)) = BxBxBxB

is surjective.

Roughly speaking, the composite material groupoid is weakly uniform if for
any four material particles X, Y, Z and T, there exists a square in the composite
material groupoid whose corners are these points, namely

hy

Weak unif. ho g2
—

g1

Thus, a material composite satisfies this property if any four material points
may be connected in two different ways, by two material isomorphisms, one of each
material body. More precisely, for any choice of four material points X, Y, Z,T € B,
any two of them, let say X and Y, may connected by a 1-jet j}(,yqﬁ of a local
diffeomorphism ¢, such that may be decomposed into a composition of a material
isomorphism of the first material, j}gzqﬁl € Q; (B), from X to some Z, with a
material isomorphism of the second material, j%7y¢2 € Qy(B), from Z to Y, or
equivalently, into a composition of a material isomorphism of the second material,
j}("TTZ)Q € Qo (B), from X to another material point T, with a material isomorphism
of the first material, j}’yd)l € O (B), from T to Y, i.e.

Ixy®=Jzy®2-ix.z0 = jryi¥1 - jx e (26)

In other words, it satisfies a certain type of “commuting” condition between the
two material structures, allowing us to intuit that there is a certain compatibility
between the material properties of the two materials, one that is more general than
uniformity.

Proposition 9. Consider two wuniform materials, with transitive material
groupoids 1 (B) and Qs (B) in such a way that the composite is uniform. Then,
H (1 (B), Qs (B)) is weakly uniform.
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Proof. Let be X,Y,Z and T four material points. Then, by the uniformity of
the composite, there exist three material isomorphisms for both materials g1, go, ho
with a(g1) = X = a(g2), 8(g1) =Y = a(ha), B(g2) = T and S (he) = Z. So,
the square ((g1,h2-91-95"), (g2, h2)) € 3 (1 (B), Qs (B)), completes the square
with corners X,Y, Z and T.

hy-g1-95"

hg g2

9N t

In this way, weak uniformity is a property that satisfies any uniform composite.
However, the converse is not true. Let us give an example.

Example 7 (Triclinic crystal). Another particular example of solid crystals are
those called triclinic crystals. Following [11], it is a solid crystal with the trivial
symmetry groups (there are no symmetries other than the identities).

Now, consider two uniform triclinic crystals whose material groupoids are char-
acterized by Q; (B) and Qs (B). Furthermore, the material isomorphisms are deter-
mined by two different implants P; : B — €; (B)T, with T' € B, which are sections
of the respective source maps, in such a way, for all X,Y € B,

P (Y) ' P (X) e (B)k.
Finally, we will impose that the material isomorphisms of the different materials

commute. In particular, we may choose three points equal to X and, as a conse-
cuence,

Py (Z) - Py(X) =P (2) ! P(X)

Then, any weakly transitive triclinic crystal that is weakly uniform is, immediately,
uniform.

To construct an example to help us intuitively grasp the distinction between
weak uniformity and uniformity we may use Example[6] Imposing that there are no
shared material isomorphisms, we get a completely non-uniform material. However,
we still may impose the weak uniformity via some conjugacy properties between
the material isomorphisms generated by the weak uniformity.

5. Conclusions and Further Work

The abstract framework of double groupoids has enabled us to introduce various
notions of uniformity for composite materials. In particular, we have developed the
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concepts of horizontal and vertical uniformity, as well as weak uniformity, employ-
ing the completing squares method. Furthermore, we have explored the relation-
ships between these different notions, providing a deeper understanding of their
interconnections.

As part of our ongoing research, we aim to extend these ideas in several
directions. First, we seek to generalize the concept of uniformity to composites con-
sisting of an arbitrary number of materials. Additionally, we intend to adapt these
notions to materials with microstructure and liquid crystals, broadening their appli-
cability. Another key objective is to analyze the homogeneity of uniform composite
materials through the framework of double algebroids and to reinterpret our find-
ings in terms of G-structures. Finally, we plan to investigate the notion of smooth
uniformity, further refining our theoretical model.

These future directions will contribute to a more comprehensive and structured
understanding of composite materials within the mathematical framework of double
groupoids and their algebraic counterparts.
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